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(. Introduction 
Data plays the main role in getting knowledge. It is collected
y different ways, but many information can not be deduced from
ata directly. Hence, we must ﬁnd new methods (models) to help
s in understanding the collected data and then we can make a
lassiﬁcation of it to get the required knowledge. Rough set theory
s one of the most important models in classiﬁcation of data. The
dvantage of rough set theory is that, it does not need any addi-
ional parameters. 
The main idea of rough set theory comes from Pawlak’s work
1] by using an equivalence relation to make his classiﬁcation. In
is work, any vague concept is replaced by a pair of precise con-
epts named lower and upper approximation of the vague con-
ept. Lower approximation contains the objects which surely be-
ong to the vague concept while an upper approximation contains
ll objects which possibly belong to this vague concept. In the re-
ent years, rough set theory has attracted worldwide attention of
any researchers. But they face a big problem that, almost of real
ife applications can not be solved by using an equivalence rela-
ion. Hence, they make their effort s to solve this problem such as:
lowinski and Vanderpooten [2] proposed generalized deﬁnition of
ough approximation based on reﬂexive binary relation. Yao andE-mail address: via_marei@yahoo.com 
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Society (2016), http://dx.doi.org/10.1016/j.joems.2016.08.003 ong [3] discussed a generalized approximation space based on
he reﬂexive and symmetric binary relation. Many extensions of
ough set theory have been made on coverings [4] . Yao [5] studied
pproximation operators, deﬁned by different neighborhood oper-
tors. Also, Skowron and Stepaniuk [6] deﬁned a generalized ap-
roximation space by using tulerance relation. Greco et al. [7] pro-
osed rough approximations based on dominance relation. Rough
pproximation based on tolerance relation has been used success-
ully to derive decision rules in incomplete information systems
8] . 
In Pawlak’s approximation space, lower and upper operations
re two key concepts, but many interesting extensions of rough
et theory have been made by using topological space. Topological
ough approximation, proposed by Wiweger [9] , is the ﬁrst gener-
lization of rough set theory based on the interior and the closure
perators of a topological space, generated by the relation which is
sed in studied information system. Recently, rough set model has
een developed and applied as in [10–15] and many works have
een appeared as topological generalization of rough set approxi-
ations such as [16–18] . 
In this paper, we purpose to give various bitopological ap-
roaches to vagueness. Obviously, the essential problem of any
ague concept is the boundary region. The suggested models help
n decreasing the boundary region of the interested vague con-
ept. Two groups of bi-near open sets are deﬁned in a bitopolog-
cal space which is generated by any binary relation. Hence, we. This is an open access article under the CC BY-NC-ND license. 
ets on a bitopological view, Journal of the Egyptian Mathematical 
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P  
aobtain the relationship among them and we illustrate it by dia-
grams. Also, we use these bi-near open sets to get different kinds
of bitopological approaches to rough set approximations and then,
we compare among them to determine the best approach of them.
In addition, some of rough concepts are redeﬁned as bi-rough con-
cepts and their properties are studied by propositions and counter
examples. Finally, a comparison among all proposed approaches is
given in a diagram and the best approach of them is determined. 
2. Preliminaries 
The main idea of rough set theory comes from Pawlak’s work
[1] . In his work, any vague concept is replaced by a pair of precise
concepts called lower and upper approximations. Rough set theory
expresses vagueness, not by means of membership, but employ-
ing a boundary region of a set. If the boundary region of a set is
empty, it means that the set is crisp (exact), otherwise the set is
rough (inexact). Nonempty boundary region of a set means that
our knowledge about the set is not suﬃcient to deﬁne the set pre-
cisely. 
Suppose we are given a set of objects X called the universe and
E is an equivalence relation, representing our knowledge about the
elements of X . To characterize any vague concept A ⊆ X , with re-
spect to E , we will need the basic concepts of rough set theory,
given in [1] , as follows: 
Deﬁnition 2.1. Let E be an equivalence relation on X and let x ∈ U .
An equivalence class of an element x , determined by E , is 
[ x ] E = { x ′ ∈ X : E(x ) = E(x ′ ) } . 
Deﬁnition 2.2. Let E be an equivalence relation on X and let A ⊆
X . Lower, upper and boundary approximations of A are 
E (A ) = ∪{ [ x ] E : [ x ] E ⊆ A } , 
E (A ) = ∪{ [ x ] E : [ x ] E ∩ A  = φ} , 
BND E (A ) = E (A ) − E (A ) . 
Deﬁnition 2.3. Let E be an equivalence relation on X and let A ⊆
X . Pawlak determined the degree of crispness of A by the accuracy
measure 
αE (A ) = | E (A ) | | E (A ) | , where E (A )  = ∅ . 
Deﬁnition 2.4. Let E be an equivalence relation on X and let A ⊆
X . For any element x ∈ X , rough membership relations to A are
deﬁned as 
x ∈ A, if x ∈ E (A ) and x ∈ A, where x ∈ E (A ) . 
Deﬁnition 2.5. Let E be an equivalence relation on X . For any two
subsets A, B ⊆X , rough inclusion relations are deﬁned as 
A ⊂
⇁ 
B, if E ( A ) ⊆ E ( B ) and A 
⇀ 
⊂ B, if E ( A ) ⊆ E ( B ) . 
Remark 2.1. Topological rough approximations proposed by Wi-
weger [9] is the ﬁrst generalization of rough set approximations
based on topological structures. In his work, the lower and up-
per approximations are replaced by the interior and closure oper-
ators which are deﬁned as int(A ) = ⋃ { G ∈ τ : G ⊆ A } and cl(A ) =⋂ { G ∈ τ c : A ⊆ G } . Please cite this article as: E.A. Marei, Theoretical approaches to rough s
Society (2016), http://dx.doi.org/10.1016/j.joems.2016.08.003 eﬁnition 2.6. ( X, τ 1 , τ 2 ) is called bitopological space, where τ 1 
nd τ 2 are two topologies, deﬁned on a nonempty set X . 
In the following, we list some bi-near open sets. 
eﬁnition 2.7. Let ( X, τ 1 , τ 2 ) be a bitopological space. A subset A
X is called 
1. S 12 -open set [19] , if A ⊆cl 2 ( int 1 ( A )). 
2. P 12 -open set [19] , if A ⊆int 1 ( cl 2 ( A )). 
3. β12 -open set [19] , if A ⊆cl 2 ( int 1 ( cl 2 ( A ))). 
4. α12 -open set [19] , if A ⊆int 1 ( cl 2 ( int 1 ( A ))). 
5. γ 12 -open set [20] , if A ⊆ cl 2 (int 1 (A )) 
⋃ 
int 1 (cl 2 (A )) . 
6. δβ12 -open set [21] , if A ⊆ cl 2 (int 1 (cl 21 δ (A ))) , where cl 21 δ (A ) ={ x ∈ X : A ∩ in t 2 (cl 1 (G ))  = ∅ , G ∈ τ2 , x ∈ G } . 
emark 2.2. The family of all S 12 (resp. P 12 , α12 , γ 12 , β12 and
β12 )-open sets is denoted by OS 12 (resp. OP 12 , O α12 , O γ 12 , O β12 
nd O δβ12 ) and the family of their complements is denoted by
S 12 (resp. CP 12 , C α12 , C γ 12 , C β12 and C δβ12 ), the elements of
hich are called S 12 (resp. P 12 , α12 , γ 12 , β12 and δβ12 )-closed sets.
. New bi-near open sets 
In this section, we deﬁne two groups of bi-near open sets de-
ned on a bitopological space ( X, τ r , τ l ) which is generated by a
eneral relation. The subbase of the ﬁrst topology τ r (right topol-
gy) is the family of right neighborhoods and the subbase of the
econd topology τ l (left topology) is the family of left neighbor-
oods, where right and left neighborhoods of an element x , with
espect to a relation R are x R = { y ∈ X : xRy } and R x = { y ∈ X :
Rx }. Also, we illustrate the relationship among the proposed bi-
ear open sets by propositions, examples and diagrams. 
The ﬁrst group of proposed bi-near open sets is deﬁned in the
ollowing deﬁnition. 
eﬁnition 3.1. Let ( X, τ r , τ l ) be a bitopological space generated by
 general relation. A subset A ⊆X is called 
1. S lr 
rl 
-open set if A ∈ OS rl or A ∈ OS lr . 
2. P lr 
rl 
-open set if A ∈ OP rl or A ∈ OP lr . 
3. γ lr 
rl 
-open set if A ∈ O γ rl or A ∈ O γ lr . 
4. αlr 
rl 
-open set if A ∈ O αrl or A ∈ O αlr . 
5. β lr 
rl 
-open set if A ∈ O βrl or A ∈ O β lr . 
6. δβ lr 
rl 
-open set if A ∈ O δβrl or A ∈ O δβ lr . 
emark 3.1. Let ( X, τ r , τ l ) be a bitopological space generated by a
eneral relation, then 
1. The complement of S lr 
rl 
(resp. P lr 
rl 
, γ lr 
rl 
, αlr 
rl 
, β lr 
rl 
and δβ lr 
rl 
)-open
set is called S lr 
rl 
(resp. P lr 
rl 
, γ lr 
rl 
, αlr 
rl 
, β lr 
rl 
and δβ lr 
rl 
)-closed set. 
2. The family of all S lr 
rl 
(resp. P lr 
rl 
, γ lr 
rl 
, αlr 
rl 
, β lr 
rl 
and δβ lr 
rl 
)-open sets
is denoted by OS lr 
rl 
(resp. OP lr 
rl 
, Oγ lr 
rl 
, Oαlr 
rl 
, Oβ lr 
rl 
and Oδβ lr 
rl 
). 
3. The family of all S lr 
rl 
(resp. P lr 
rl 
, γ lr 
rl 
, αlr 
rl 
, β lr 
rl 
and δβ lr 
rl 
)-closed sets
is denoted by CS lr 
rl 
(resp. CP lr 
rl 
, Cγ lr 
rl 
, Cαlr 
rl 
, Cβ lr 
rl 
and Cδβ lr 
rl 
). 
roposition 3.1. Let ( X, τ r , τ l ) be a bitopological space generated by
 general relation, then 
1. Oαlr 
rl 
⊆ OS lr 
rl 
⊆ Oγ lr 
rl 
⊆ Oβ lr 
rl 
⊆ Oδβ lr 
rl 
. 
2. Oαlr 
rl 
⊆ OP lr 
rl 
⊆ Oγ lr 
rl 
⊆ Oβ lr 
rl 
⊆ Oδβ lr 
rl 
. ets on a bitopological view, Journal of the Egyptian Mathematical 
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Diagram 2. Relationship between two proposed groups of bi-near open sets. 
P  
a
P
 
o
P  
a  
f
P
 
w
E
 
{  
{  
{
E  
E  
O
4
 
r  
t  
i
 
a
D  
a  
i  
⇑
⇓roof. 
1. In the following, we prove that Oαlr 
rl 
⊆ OS lr 
rl 
Let A ∈ Oαlr 
rl 
, then A ∈ O αrl or A ∈ O αlr . Hence, A ⊆ int r cl l int r A
or A ⊆int l cl r int l A . But, int r cl l int r A ⊆ cl l int r A and int l cl r int l A ⊆
cl r int l A . Consequently, A ⊆ cl l int r A or A ⊆ cl r int l A . This leads to
A ∈ OS rl or A ∈ OS lr . Hence, A ∈ OS lr rl . Thus, Oαlr rl ⊆ OS lr rl . 
The other parts of Proposition 3.1 , can be proved at the same
way as a previous proof. 
The following example illustrates Proposition 3.1 . 
xample 3.1. Let R be a binary general relation de-
ned on a nonempty set X = { a, b, c, d} deﬁned by R =
 (a, a ) , (a, c) , (a, d) , (b, b) , (b, d) , (c, a ) , (c, b) , (c, d) , (d, a ) } . Hence,
he subbase of τ r is {{ a, c, d }, { b, d }, { a, b, d }, { a }} and the subbase
f τ l is {{ a, c, d }, { b, c }, { a, b, c }, { a }}. Then, τr = { X , ∅ , { a, c, d }, { a,
, d }, { b, d }, { a, d }, { a }, { d }} and τl = { X , ∅ , { a, c, d }, { a, b, c }, { b, c },
 a, c }, { a }, { c }}. 
Consequently, Oαlr 
rl 
= OS lr 
rl 
= { X , ∅ , { a }, { c }, { d }, { a, c }, { a, d }, { b,
 }, { b, d }, { a, b, c }, { a, b, d }, { a, c, d }}, OP lr 
rl 
= Oγ lr 
rl 
= Oβ lr 
rl 
= { X , ∅ ,
 a }, { c }, { d }, { a, b }, { a, c }, { a, d }, { b, c }, { b, d }, { a, b, c }, { a, b, d }, { a,
, d }} and Oδβ lr 
rl 
= P (X ) , where P ( X ) is the power set of X which is
he family of all subsets of X . 
emark 3.2. Let ( X, τ r , τ l ) be a bitopological space generated by
 general relation. Relationship among suggested 1 st group of bi-
ear open sets, deﬁned in Deﬁnition 3.1 and their traditional re-
ated bi-near open sets is concluded in Diagram 1 , where → means
, as follows 
In the following deﬁnition, we deﬁne 2 nd group of bi-near open
ets. 
eﬁnition 3.2. Let ( X, τ r , τ l ) be a bitopological space generated by
 general relation. A subset A ⊆X is called 
1. S II -open set if A ⊆ cl l int r A ∪ cl r int l A . 
2. P II -open set if A ⊆ int r cl l A ∪ int l cl r A . 
3. γ II -open set if A ⊆ cl l int r A ∪ cl r int l A ∪ int r cl l A ∪ int l cl r A . 
4. αII -open set if A ⊆ int r cl l int r A ∪ int l cl r int l A . 
5. β II -open set if A ⊆ cl l int r cl l A ∪ cl r int l cl r A . 
6. δβ II -open set if A ⊆ cl l int r cl lr δ A ∪ cl r int l cl rl δ A . 
emark 3.3. Let ( X, τ r , τ l ) be a bitopological space generated by a
eneral relation, then 
1. The complement of S II (resp. P II , γ II , αII , β II and δβ II )-open set
is called S II (resp. P II , γ II , αII , β II and δβ II )-closed set. 
2. The family of all S II (resp. P II , γ II , αII , β II and δβ II )-open sets is
denoted by OS II (resp. OP II , O γ II , O αII , O β II and O δβ II ). 
3. The family of all S II (resp. P II , γ II , αII , β II and δβ II )-closed sets
is denoted by CS II (resp. CP II , C γ II , C αII , C β II and C δβ II ). W
Please cite this article as: E.A. Marei, Theoretical approaches to rough s
Society (2016), http://dx.doi.org/10.1016/j.joems.2016.08.003 roposition 3.2. Let ( X, τ r , τ l ) be a bitopological space generated by
 general relation, then 
1. O αII ⊆ OS II ⊆ O γ II ⊆ O β II ⊆ O δβ II . 
2. O αII ⊆ OP II ⊆ O γ II ⊆ O β II ⊆ O δβ II . 
roof. Obvious. 
Relationship between suggested 1 st and 2 nd groups of bi-near
pen sets is given in the following proposition. 
roposition 3.3. Let ( X, τ r , τ l ) be a bitopological space generated by
 general relation, and let A ⊆X. For all I ∈ { α, S, P, γ , β , δβ}, the
ollowing properties hold 
1. OI rl ⊆ OI lr rl ⊆ OI II . 
2. OI lr ⊆ OI lr rl ⊆ OI II . 
roof. Obvious. 
For more illustration of Proposition 3.3, Diagram 2 is given,
here → means ⊆, as follows 
The following example illustrates Proposition 3.2 . 
xample 3.2. From Example 3.1 , we get the following results 
O αII = OS II = { X , ∅ , { a }, { c }, { d }, { a, c }, { a, d }, { b, c }, { b, d }, { c, d },
 b, c, d }, { a, b, c }, { a, b, d }, { a, c, d }}, OP II = OγII = { X , ∅ , { a }, { c }, { d },
 a, b }, { a, c }, { a, d }, { b, c }, { b, d }, { c, d }, { b, c, d }, { a, b, c }, { a, b, d },
 a, c, d }} and O β II = OδβII = P (X ) (power set of X ). 
The following example illustrates Proposition 3.3 , at I = P . 
xample 3.3. According to Example 3.1 , if A = { b, c} , M = { d} and
 = { c, d} , then A ∈ OP rl and M ∈ OP lr but A, M ∈ OP lr rl . Also, E ∈
P lr 
rl 
and E ∈ OP II . 
. Bitopological rough set approximations 
In this section, different kinds of bitopological approaches to
ough set approximations are obtained and some of their proper-
ies are studied. Also, a comparison among their lowers and uppers
s given. 
The following deﬁnition is given to introduce topological lower
nd topological upper approximations of any subset A ⊆X . 
eﬁnition 4.1. Let ( X, τ r , τ l ) be a bitopological space generated by
 general relation. For all i ∈ { r, l }, topological lower (resp. topolog-
cal upper) approximation of any subset A ⊆X denoted by ⇓ i A (resp.
 i A ) is 
 
i 
A = ∪ { G ∈ τi : G ⊆ A } , ⇑ i A = ∩ 
{
H ∈ τ c i : A ⊆ H 
}
. 
here τ c 
i 
is the complement of τ i . ets on a bitopological view, Journal of the Egyptian Mathematical 
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Table 1 
Comparison among some subsets of X by using their pro- 
posed bitopological lowers. 
A ⊆X ⇓ αlr rl A ⇓ P lr rl A ⇓ αII A ⇓ P II A ⇓ δβII A 
{ b } ∅ ∅ ∅ ∅ { b } 
{ a, b } { a } { a, b } { a } { a, b } { a, b } 
Table 2 
Comparison among some subsets of X by using their proposed 
bitopological uppers. 
A ⊆X ⇑ S lr 
rl 
A ⇑ γ lr 
rl 
A ⇑ S II A ⇑ γII A ⇑ δβII A 
{ c, d } { b, c, d } { c, d } { b, c, d } { c, d } { c, d } 
{ a, c, d } X X X X { a, c, d } 
A
Diagram 3. Relationship among some of proposed approaches to rough set approx- 
imations. 
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P  
e  The following deﬁnition is given to introduce bitopological in-
terior and bitopological closure operators of any subset A ⊆X in a
bitopological space ( X, τ r , τ l ). 
Deﬁnition 4.2. Let ( X, τ r , τ l ) be a bitopologi-
cal space generated by a general relation. For all
I ∈ { αrl , αlr , S rl , S lr , P rl , P lr , γrl , γlr , βrl , βlr , δβrl , δβlr , αlr rl , S lr rl , P lr rl ,
γ lr 
rl 
, β lr 
rl 
, δβ lr 
rl 
, αII , S II , P II , γII , β II , δβ II } I -interior (resp. I -closure)
of any subset A ⊆ X denoted by int I ( A ) (resp. cl I ( A )) are deﬁned as
follows 
int I A = ∪{ G ∈ OI : G ⊆ A } and cl I A = ∩{ H ∈ CI : A ⊆ H} . 
The following deﬁnition is given to introduce bitopological lower
and bitopological upper approximations of any subset A ⊆X in a
bitopological space ( X, τ r , τ l ). 
Deﬁnition 4.3. Let ( X, τ r , τ l ) be a bitopologi-
cal space generated by a general relation. For all
I ∈ { αrl , αlr , S rl , S lr , P rl , P lr , γrl , γlr , βrl , βlr , δβrl , δβlr , αlr rl , S lr rl , P lr rl ,
γ lr 
rl 
, β lr 
rl 
, δβ lr 
rl 
, αII , S II , P II , γII , βII , δβ II } I -lower(resp. I -upper)
approximation of any subset A ⊆X denoted by ⇓ I A (resp. ⇑ I A ) are 
⇓ I A = int I A and ⇑ I A = cl I A. 
Proposition 4.1. Let ( X, τ r , τ l ) be a bitopological space, and let A ⊆X.
Then 
1. ⇓ αlr rl A ⊆ ⇓ S lr rl A ⊆⇓ γ lr rl A ⊆ ⇓ β lr rl A ⊆ ⇓ δβ lr rl A ⊆ A ⊆ ⇑ 
δβ lr 
rl 
A ⊆
⇑ 
β lr 
rl 
A ⊆ ⇑ 
γ lr 
rl 
A ⊆ ⇑ 
S lr 
rl 
A ⊆ ⇑ 
αlr 
rl 
A. 
2. ⇓ αlr rl A ⊆ ⇓ P lr rl A ⊆⇓ γ lr rl A ⊆ ⇓ β lr rl A ⊆ ⇓ δβ lr rl A ⊆ A ⊆ ⇑ 
δβ lr 
rl 
A ⊆
⇑ 
β lr 
rl 
A ⊆ ⇑ 
γ lr 
rl 
A ⊆ ⇑ 
P lr 
rl 
A ⊆ ⇑ 
αlr 
rl 
A. 
3. ⇓ αII A ⊆ ⇓ S II A ⊆ ⇓ γII A ⊆ ⇓ βII A ⊆ ⇓ δβII A ⊆ A ⊆ ⇑ δβII A ⊆ ⇑ βII 
A ⊆ ⇑ γII A ⊆ ⇑ S II A ⊆ ⇑ αII A. 
4. ⇓ αII A ⊆ ⇓ P II A ⊆ ⇓ γII A ⊆ ⇓ βII A ⊆ ⇓ δβII A ⊆ A ⊆ ⇑ δβII A ⊆⇑ βII A ⊆ ⇑ γII A ⊆ ⇑ P II A ⊆ ⇑ αII A. 
Proof. By using Proposition 3.1 and Proposition 3.3 , we get the
proof of Property 1, as follows 
1. ⇓ αlr rl A = int 
αlr 
rl 
A = ⋃ { G ∈ Oαlr 
rl 
: G ⊆ A } ⊆ ⋃ { G ∈ OS lr 
rl 
: G ⊆ A } 
⊆ ⋃ { G ∈ Oγ lr 
rl 
: G ⊆ A } ⊆ ⋃ { G ∈ Oβ lr 
rl 
: G ⊆ A } ⊆ ⋃ { G ∈ Oδβ lr 
rl 
:
G ⊆ A } ⊆A ⊆ ⋂ { H ∈ Cδβ lr 
rl 
: A ⊆ H} ⊆ ⋂ { H ∈ Cβ lr 
rl 
: A ⊆ H}
⊆ ⋂ { H ∈ Cγ lr 
rl 
: A ⊆ H} ⊆ ⋂ { H ∈ CS lr 
rl 
: A ⊆ H} ⊆ ⋂ { H ∈ Cαlr 
rl 
:
A ⊆ H} = cl 
αlr 
rl 
A = ⇑ 
αlr 
rl 
A. 
The proof of Properties 2, 3 and 4 are similar to the proof of
Property 1. 
Proposition 4.2. In a bitopological space ( X, τ r , τ l ) let A ⊆X. For all I
∈ { α, S, P, γ , β , δβ}, the following properties hold 
1. ⇓ r A ⊆ ⇓ I rl A ⊆⇓ I lr rl A ⊆ ⇓ I II A ⊆ A ⊆ ⇑ I II A ⊆ ⇑ I lr 
rl 
A ⊆ ⇑ I rl A ⊆
⇑ r A . 
2. ⇓ l A ⊆ ⇓ I lr A ⊆⇓ I lr rl A ⊆ ⇓ I II A ⊆ A ⊆ ⇑ I II A ⊆ ⇑ I lr 
rl 
A ⊆ ⇑ I lr A ⊆
⇑ l A . 
Proof. We can get the proof of Proposition 4.2 , at the same way as
Proposition 4.1 . 
The following example illustrates that, containments in
Propositions 4.1 and 4.2 , may be proper. Please cite this article as: E.A. Marei, Theoretical approaches to rough s
Society (2016), http://dx.doi.org/10.1016/j.joems.2016.08.003 xample 4.1. According to Example 3.1 , we can create Tables 1 and
 . 
From Tables 1 and 2 , δβ II -lower approximation is the greatest
ower of the proposed bitopological lowers. Also, δβ II -upper ap-
roximation is the smallest upper of the proposed bitopological
ppers. Consequently, δβ II -boundary region of any subset A ⊆X is
he smallest boundary region. So, δβ II -approach is the best bitopo-
ogical approach in this study. 
We can conclude the relationship among some of proposed
pproaches to rough set approximations of any subset A ⊆X ,
here ↓ I (resp. ↑ I ) is refers to ⇓ I A (resp. ⇑ I A ), for all I ∈
 r, αrl , α
lr 
rl 
, S lr 
rl 
, P lr 
rl 
, γ lr 
rl 
, β lr 
rl 
, δβ lr 
rl 
, δβII } in Diagram 3 . 
From Diagram 3 , surely we can decide that, any proposed
itopological approach to rough set approximations is better than
he traditional topological approach to rough set approximations.
n addition, δβ II -approach is the best model of proposed models
n this study as δβ II -boundary region of any vague concept is de-
reased in a great degree. Hence, by using this model, any vague
oncept has a big chance to be a precise concept. therefore, we
an consider that, δβ II -approach to rough set approximations is a
tarting point to solve the problem of vagueness in many real life
pplications. 
roposition 4.3. Let ( X, τ r , τ l ) be a bitopological space gen-
rated by a general relation and let A, E ⊆X. For all I ∈ets on a bitopological view, Journal of the Egyptian Mathematical 
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g   αlr 
rl 
, S lr 
rl 
, P lr 
rl 
, γ lr 
rl 
, β lr 
rl 
, δβ lr 
rl 
, αII , S II , P II , γII , βII , δβII } , the following prop-
rties hold 
1. ⇓ I X = ⇑ I X = X and ⇓ I ∅ = ⇑ I ∅ = ∅ . 
2. ⇓ I A ⊆ A ⊆ ⇑ I A. 
3. If A ⊆E, then ⇓ I A ⊆ ⇓ I E. 
4. If A ⊆E, then ⇑ I A ⊆ ⇑ I E. 
5. ⇓ I A ∪ E ⊇ ⇓ I A ∪ ⇓ I E . 
6. ⇑ I A ∩ E ⊆ ⇑ I A ∩ ⇑ I E . 
7. ⇓ I A c = [ ⇑ I A ] c . 
8. ⇑ I A c = [ ⇓ I A ] c , where A c is the complement of A. 
roof. By using Deﬁnitions 4.2 and 4.3 , the proof is obvious. 
The following example illustrates that, containments of Proper-
ies 3, 4, may be proper (let I = δβII ). 
xample 4.2. According to Example 3.1 , if A = { b} and E = { b, c, d} ,
hen ⇓ δβII A = ⇑ δβII A = { b} and ⇓ δβII E = ⇑ δβII E = { b, c, d} . Hence,
 
δβII A  = ⇓ δβII E and ⇑ δβII A  = ⇑ δβII E. 
The following example illustrates that, a containment of Prop-
rty 5, may be proper (let I = γII ). 
xample 4.3. According to Example 3.1 , if A = { b} and E = { c} ,
hen ⇓ γII A = ∅ , ⇓ γII E = { c} and ⇓ γII A ∪ E = { b, c} . Hence, ⇓ γII A ∪
 = ⇓ γII A ∪ ⇓ γII E. 
The following example illustrates that, a containment of Prop-
rty 6, may be proper (let I = β lr 
rl 
). 
xample 4.4. According to Example 3.1 , if A = { a, b} and E =
 a, c, d} , then ⇑ 
β lr 
rl 
A = { a, b} , ⇑ 
β lr 
rl 
E = X and ⇑ 
β lr 
rl 
A ∩ E = { a } .
ence, ⇑ 
β lr 
rl 
A ∩ E  = ⇑ 
β lr 
rl 
A ∩ ⇑ 
β lr 
rl 
E. 
roposition 4.4. Let ( X, τ r , τ l ) be a bitopological space, generated
y a general relation, and let A, E ⊆X. For all I ∈ { αlr 
rl 
, S lr 
rl 
, P lr 
rl 
, γ lr 
rl 
, β lr 
rl 
,
β lr 
rl 
, αII , S II , P II , γ II , β II , δβ II }, the following properties hold. 
1. ⇑ I A ∪ E ⊇ ⇑ I A ∪ ⇑ I E . 
2. ⇓ I A ∩ E ⊆ ⇓ I A ∩ ⇓ I E . 
roof. Obvious. 
The following example illustrates that, a containment of Prop-
rty 1, may be proper (let I = γ lr 
rl 
). 
xample 4.5. According to Example 3.1 , if A = { a, c} and E = { d} ,
hen ⇑ 
γ lr 
rl 
A = { a, c} , ⇑ 
γ lr 
rl 
E = { d} and ⇑ 
γ lr 
rl 
A ∪ E = X . Hence, ⇑ 
γ lr 
rl 
 ∪ E  = ⇑ 
γ lr 
rl 
A ∪ ⇑ 
γ lr 
rl 
E. 
The following example illustrates that, a containment of Prop-
rty 2, may be proper (let I = P II ). 
xample 4.6. According to Example 3.1 , if A = { b, c} and E = { b, d} ,
hen ⇓ P II A = { b, c} , ⇓ P II E = { b, d} and ⇓ P II A ∩ E = ∅ . Hence, ⇓ P II 
 ∩ E  = ⇓ P II A ∩ ⇓ P II E. 
roposition 4.5. Let ( X, τ r , τ l ) be a bitopological space, generated by
 general relation, and let A ⊆X. For all I ∈ { αlr 
rl 
, S lr 
rl 
, P lr 
rl 
, γ lr 
rl 
, β lr 
rl 
, δβ lr 
rl 
,
II , S II , P II , γ II , β II , δβ II }, the following properties hold. 
1. ⇓ I ⇓ I A = ⇑ I ⇓ I A = ⇓ I A. 
I 2. ⇑ I ⇑ I A = ⇓ ⇑ I A = ⇑ I A. l  
Please cite this article as: E.A. Marei, Theoretical approaches to rough s
Society (2016), http://dx.doi.org/10.1016/j.joems.2016.08.003 The following example proves Property 1, of Proposition 4.5 , at I =
lr 
rl 
. 
xample 4.7. According to Example 3.1 , if A = { a, c, d} , then ⇓ β lr rl A
 { a, c, d} and ⇑ 
β lr 
rl 
⇓ β lr rl A = X . Hence, ⇑ 
β lr 
rl 
⇓ β lr rl A  = ⇓ β lr rl A . 
The following example proves Property 2, of Proposition 4.5 , at
 = S II . 
xample 4.8. According to Example 3.1 , if A = { a, b} , then ⇑ S II A
 { a, b} and ⇓ S II ⇑ S II A = { a } . Hence, ⇓ S II ⇑ S II A  = ⇑ S II A . 
emma 4.1. Let ( X, τ r , τ l ) be a bitopological space gener-
ted by a general relation and let A, E ⊆X, and let I ∈
 αlr 
rl 
, S lr 
rl 
, P lr 
rl 
, γ lr 
rl 
, β lr 
rl 
, δβ lr 
rl 
, αII , S II , P II , γII , βII , δβII } . Then 
 cl I A ] 
c = int I A c . 
roof. [ cl I A ] 
c = X − ∩{ H ∈ CI : A ⊆ H } = ⋃ { (X − H ) ∈ OI : (X −
 ) ⊇ (X − H) } = ⋃ { G ∈ OI : G ⊆ A c } = int I A c . 
roposition 4.6. Let ( X, τ r , τ l ) be a bitopological space gen-
rated by a general relation and let A, E ⊆X. For all I ∈
 αlr 
rl 
, S lr 
rl 
, P lr 
rl 
, γ lr 
rl 
, β lr 
rl 
, δβ lr 
rl 
, αII , S II , P II , γII , βII , δβII } we can prove that 
 
I A − E ⊆⇓ I A − ⇓ I E. 
roof. Where A − E = A ∩ E c , then ⇓ I A − E = ⇓ I A ∩ E c = int I A ∩
 
c = int I A ∩ int I E c . By using Lemma 4.1 , we get int I A ∩ int I E c =
nt I A ∩ [ cl I E] c = int I A − cl I E. But, int I E ⊆cl I E . Consequently, int I A −
l I E ⊆ int I A − int I E = ⇓ I A − ⇓ I E. Hence, ⇓ I A − E ⊆⇓ I A − ⇓ I E. 
The following example illustrates that, a containment of
roposition 4.6 , may be proper (let I = γII ). 
xample 4.9. According to Example 3.1 , if A = { a, b} and E = { a } ,
hen ⇓ γII A = { a, b} , ⇓ γII E = { a } and ⇓ γII A − E = ∅ . Hence, ⇓ γII A −
  = ⇓ γII A − ⇓ γII E. 
roposition 4.7. In a bitopological space ( X, τ r , τ l ) generated by a
eneral relation, A, E ⊆X, and let I ∈ { αlr 
rl 
, S lr 
rl 
, P lr 
rl 
, γ lr 
rl 
, β lr 
rl 
, δβ lr 
rl 
, αII , S II ,
 II , γ II , β II , δβ II } . Then, the following property does not hold. 
 I A − E ⊇⇑ I A − ⇑ I E. 
roof of Proposition 4.7 , is given by the following example, at I = αlr 
rl 
. 
xample 4.10. According to Example 3.1 , if A = { c, d} and E = { c} ,
hen ⇑ 
αlr 
rl 
A = { b, c, d} , ⇑ 
αlr 
rl 
E = { c} and ⇑ 
αlr 
rl 
A − E = { d} . Hence,
 
αlr 
rl 
A − E Not cont ains ⇑ 
αlr 
rl 
A - ⇑ 
αlr 
rl 
E. 
. Bi-rough concepts 
In this section, we redeﬁne and study some of rough concepts
y using the proposed bitopological approaches to rough set ap-
roximations and we ﬁnd the relationships between the suggested
i-rough concepts and traditional rough concepts. Also, a com-
arison among all proposed approaches by using their accuracy
easures is given. Finally, we conclude the relationship among all
tudied approaches to rough set approximations in a diagram and
hen we determine the best model of them. 
eﬁnition 5.1. In a bitopological space ( X, τ r , τ l ) gen-
rated by a general relation, we can determine the de-
ree of crispness of any subset A ⊆X , by using a bitopo-
ogical accuracy measure denoted by C A , for all I ∈I 
ets on a bitopological view, Journal of the Egyptian Mathematical 
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Table 3 
Comparison among some of proposed accuracy mea- 
sures. 
A ⊆X C αlr 
rl 
A C γ lr 
rl 
A C αII A C γII A C δβII A 
{ b } 0 0 0 0 1 
{ a, b } 1 
2 
1 1 
2 
1 1 
{ c, d } 2 
3 
1 2 
3 
1 1 
{ a, c, d } 3 
4 
3 
4 
3 
4 
3 
4 
1 
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e  
r  
e  
d  
c  
c  
s  { r, l, αrl , αlr , S rl , S lr , P rl , P lr , γrl , γlr , βrl , βlr , δβrl , δβlr , αlr rl , S lr rl , P lr rl , 
γ lr 
rl 
, β lr 
rl 
, δβ lr 
rl 
, αII , S II , P II , γ II , β II , δβ II } and it is 
 I A = ⇓ 
I A 
⇑ I A , A  = φ. 
Proposition 5.1. Let ( X, τ r , τ l ) be a bitopological space generated by
a general relation and let A ⊆X. Then 
1. 0 ≤ C 
αlr 
rl 
A ≤ C 
S lr 
rl 
A ≤ C 
γ lr 
rl 
A ≤ C 
β lr 
rl 
A ≤ C 
δβ lr 
rl 
A ≤ 1 . 
2. 0 ≤ C 
αlr 
rl 
A ≤ C 
P lr 
rl 
A ≤ C 
γ lr 
rl 
A ≤ C 
β lr 
rl 
A ≤ C 
δβ lr 
rl 
A ≤ 1 . 
3. 0 ≤ C αII A ≤ C S II A ≤ C γII A ≤ C βII A ≤ C δβII A ≤ 1 . 
4. 0 ≤ C αII A ≤ C P II A ≤ C γII A ≤ C βII A ≤ C δβII A ≤ 1 . 
5. 0 ≤ C r A ≤ C I rl A ≤ C I lr 
rl 
A ≤ C I II A ≤ 1, ∀ I ∈ { α, S, P, γ , β , δβ} . 
6. 0 ≤ C l A ≤ C I lr A ≤ C I lr 
rl 
A ≤ C I II A ≤ 1, ∀ I ∈ { α, S, P, γ , β , δβ} . 
Proof. By using Proposition 4.1 , we get the proof directly. 
The following example studies a comparison among some of
proposed bitopological approaches by using their accuracy mea-
sures. 
Example 5.1. From Example 3.1 , we can create Table 3 . 
From Proposition 5.1 , we can deduce that, the best bitopolog-
ical approach to rough set approximations, in this study, is δβ II -
approach. Also, from Table 3 , we notice that, by using δβ II -set ap-
proximations, many subsets of X become crisp (i.e., there is no
boundary region). 
In a bitopological space, we can deﬁne new kinds of rough
membership relations as follows 
Deﬁnition 5.2. Let ( X, τ r , τ l ) be a bitopological space generated by
a general relation and let A ⊆X . For all I ∈ { r, l, αrl , αlr , S rl , S lr , P rl ,
P lr , γ rl , γ lr , βrl , β lr , δβrl , δβ lr , α
lr 
rl 
, S lr 
rl 
, P lr 
rl 
, γ lr 
rl 
, β lr 
rl 
, δβ lr 
rl 
, αII , S II , P II ,
γ II , β II , δβ II } bi-rough membership relations, denoted by ∈ I and
∈ I , are deﬁned as follows 
x ∈ I A if x ∈⇓ I A and x ∈ I A if x ∈⇑ I A. 
Proposition 5.2. Let ( X, τ r , τ l ) be a bitopological space generated by
a general relation. For any subset A ⊆X, the following properties are
satisﬁed 
1. x ∈ 
αlr 
rl 
A ⇒ x ∈ 
S lr 
rl 
A ⇒ x ∈ 
γ lr 
rl 
A ⇒ x ∈ 
β lr 
rl 
A ⇒ x ∈ 
δβ lr 
rl 
A ⇒ x ∈ A ⇒
x ∈ 
δβ lr 
rl 
A ⇒ x ∈ 
β lr 
rl 
A ⇒ x ∈ 
γ lr 
rl 
A ⇒ x ∈ 
S lr 
rl 
A ⇒ x ∈ 
αlr 
rl 
A . 
2. x ∈ 
αlr 
rl 
A ⇒ x ∈ 
P lr 
rl 
A ⇒ x ∈ 
γ lr 
rl 
A ⇒ x ∈ 
β lr 
rl 
A ⇒ x ∈ 
δβ lr 
rl 
A ⇒ x ∈ A ⇒
x ∈ 
δβ lr 
rl 
A ⇒ x ∈ 
β lr 
rl 
A ⇒ x ∈ 
γ lr 
rl 
A ⇒ x ∈ 
P lr 
rl 
A ⇒ x ∈ 
αlr 
rl 
A . 
3. x ∈ αII A ⇒ x ∈ S II A ⇒ x ∈ γII A ⇒ x ∈ βII A ⇒ x ∈ δβII A ⇒ x ∈ A ⇒ x ∈ δβII A⇒ x ∈ βII A ⇒ x ∈ γII A ⇒ x ∈ S II A ⇒ x ∈ αII A . 
4. x ∈ αII A ⇒ x ∈ P II A ⇒ x ∈ γII A ⇒ x ∈ βII A ⇒ x ∈ δβII A ⇒ x ∈ A ⇒ x ∈ δβII A⇒ x ∈ βII A ⇒ x ∈ γII A ⇒ x ∈ P II A ⇒ x ∈ αII A . a
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roposition 4.1 . 
roposition 5.3. Let ( X, τ r , τ l ) be a bitopological space generated by
 general relation. For any subset A ⊆X and for all I ∈ { α, S, P, γ , β ,
β}, the following property holds 
 ∈ r A ⇒ x ∈ I rl A ⇒ x ∈ I lr rl A ⇒ x ∈ I II A ⇒ x ∈ A ⇒ x ∈ I II A ⇒ x ∈ I lr rl A ⇒ x ∈ I rl A
roof. Obvious. 
The inverse of Proposition 5.3 , does not hold, the following Ex-
mple illustrates that (let I = γ ). 
xample 5.2. According to Example 3.1 , if A = { a, b, d} , E =
 b} , D = { c} , G = { a, b, c} and H = { d} then ⇓ r G = { a } , ⇓ γrl G =
 a, b, c} , ⇓ γrl D = ∅ , ⇓ γ lr rl D = { c} , ⇓ γII E = ∅ , ⇑ γrl H = { d} , ⇑ r H =
 b, c, d} , ⇓ l A = { a } , ⇓ γlr A = { a, b, d} , ⇑ γlr D = { c} and ⇑ l D =
 b, c, d} . Hence, b ∈ γrl G, b  ∈ r G, c ∈ γ lr rl D, c  ∈ γrl D, b  ∈ γII E, b ∈ E,
  ∈ γrl H, c ∈ r H, b  ∈ l A, b ∈ γlr A, d  ∈ γlr D and d ∈ l D . 
In a bitopological space, we can deﬁne new kinds of rough in-
lusion relations as follows 
eﬁnition 5.3. Let ( X, τ r , τ l ) be a bitopological space gen-
rated by a general relation and let A, E ⊆X . For all I ∈
 αlr 
rl 
, S lr 
rl 
, P lr 
rl 
, γ lr 
rl 
, β lr 
rl 
, δβ lr 
rl 
, αII , S II , P II , γII , βII , δβII } bi-rough inclusion
elations, denoted by ⇁ ⊂ I and ⇀ ⊂ I , are deﬁned as follows 
 ⇁ ⊂I E if ⇓ I A ⊆⇓ I E and A ⇀ ⊂I E if ⇑ I A ⊆⇑ I E. 
he following example illustrates Deﬁnition 5.3 , (let I = αlr 
rl 
). 
xample 5.3. According to Example 3.1 , if A = { a, b} , C = { a, c} ,
 = { b, d} and E = { c, d} , then ⇓ αlr rl A = { a } , ⇓ αlr rl C = { a, c} , ⇑ 
αlr 
rl 
D
 { b, d} and ⇑ 
αlr 
rl 
E = { b, c, d} . Hence, A ⇁ ⊂αlr 
rl 
C and D ⇀ ⊂
αlr 
rl 
E. Al-
hough, A ⊆ C and D ⊆ E. 
emark 5.1. In our study, we use a general relation. If we replace
t by an equivalence relation R , we ﬁnd that x R = R x = [ x ] R . Con-
equently, τr = τl = clopen topology (quasi discrete topology) gen-
rated by R . It means that, the bitopological space ( X, τ r , τ l ) be-
omes Pawlak space ( X, R ). Hence, for any subset A ⊆X , we deduce
hat, ⇓ I A = R (A ) and ⇑ I A = R (A ) , for all I ∈ { r, l, αrl , αlr , S rl , S lr ,
 rl , P lr , γ rl , γ lr , βrl , βlr , δβrl , δβlr , α
lr 
rl 
, S lr 
rl 
, P lr 
rl 
, γ lr 
rl 
, β lr 
rl 
, δβ lr 
rl 
, αII , S II ,
 II , γ II , β II , δβ II }. i.e., Pawlak’s set approximations is a special case
f any proposed bitopological approach to rough set approxima-
ions. Consequently, in this special case, all traditional properties
f rough set theory are satisﬁed for any proposed bitopological set
pproximations. In addition, all bi-rough concepts are equivalent to
raditional rough concepts. 
. Conclusion 
In this paper, we use a bitopological space, generated by a gen-
ral relation to get different kinds of bitopological approaches to
ough set approximations. δβ II -model is the best of proposed mod-
ls in this study as δβ II -boundary region of any vague concept is
ecreased in a great degree. Hence, by using this model, any vague
oncept has a big chance to be a precise concept. Therefore, we
an consider that, δβ II -approach to rough set approximations is a
tarting point to solve the problem of vagueness in many real life
pplications. ets on a bitopological view, Journal of the Egyptian Mathematical 
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